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Overview of the talk

It is very natural to consider geometric structures on moduli
spaces or parameter spaces of deformations, or on the total space
of the deformation family.

The simplest example is the family of elliptic curves in Weier-
strass form:

2
y? = 42> — gox — g3,

where the parameter space is the space of (go,93) € C2, where
g5 — 27g5 = 0 gives the discriminant locus, and the above equa-
tion defines a hyperplane in (z,v, go, g3) € C* that is the universal
family of elliptic curves.



Overview of the talk

We will report on some results obtained from considerations in
the theory of modular forms and elliptic functions, prompted by
a question for relationship between the theory of modular forms
with the theory of Moyal products.

Via ideas from invariant theory, we arrive at some Poisson struc-
tures on the spaces mentioned on last slides.

Finally, we apply the construction of Poisson structures to the
invariant theory of binary polyhedral groups.



Overview of the talk

T he theories of modular forms, invariant theory and Moyal prod-
uct seem to be three unrelated subjects, studied in different areas
of mathematics. Nevertheless, as pointed out by Zagier, in each
of these theories one can define a sequence of binary " bracket
operations’” that define algebraic structures of similar type.

T hese bracket operations are well studied in the latter two the-
ories, while they are relatively less well understood in the theory
of modular forms.

We will first to explain how to use the brackets in invariant theory
and Moval product to understand the brackets in modular form
theory, then extend it to the theory of elliptic functions.



Modular Forms

A modular form of weight k is a holomorphic function f:H — C
on the upper half plane H, such that the following conditions are
satisfied:

fF(r) =Y ang”, q=e™",
n>0

CLT"—b . k
f(CT N d) = (et + D)Ff (7).

for all (‘CL 2) € SLo(7).



The Ring of Modular Forms
Denote by M; the vector space of modular forms of weight k,

and set My« = >0 M.

Then Myx is a commutative ring under multiplication, such that
My - My, C M.



Construction of Modular Forms

One easy way to construct modular forms is to consider the
Weierstrass P-function:

1 1 1
P(z;7) = —+ > — ,
(zi7) 22 (m.n)eZ2—{(0,0)} <(Z +m+nr)2 (m+ n7)2>

where 7 € H.

This is a meromorphic function on C with two periods 1 and T,
and double poles at m +nr, m,n € Z.



From Weierstrass P-Function to Eisenstein series

Weierstrass P-function has the following Laurent expansion at
z = 0:

1 o
Pz, 1) = z_2 -+ Z (2n + 1)G2n_|_2(7')22n,

n=1

where the coefficients G5, (7) are the Eisenstein series:

1
Gop(7) =2 ,(m_|_n7.)2k:'




Differential Equation Satisfied by Weierstrass P-Function

Let ¢ = P(z;7), y=P'(2,7). Then

y* = 4> — gow — g3,
where go = 60G4, g3 = 140G6.

Differentiate both sides:
P(z:1) = 673(2;7')2—952,

From this one derives recursion relations:
3 mn— 2

Gop = (n_3)(2n_1)(2n+1) 2(2?“ 1)(2n—2r—1)G2:Gop—_2y-




Relationship to KdV Equation

Differentiate again:
P (2) = 12P(2)P'(2).

This is a special case of the KdV equation.

This is the starting point for the relationship between theta func-
tions and solutions of KAV hierarchy.

It develops into Krichever construction.



Eisenstein Series as Modular Forms

The Eisensten series have the following properties (k > 1):

ar + b
ct + d

Gop( ) = (e + d)2*Gop (1),

for (CCL Z) c SL>(Z) and

Boy|(2m)2k  2(—1)F(2m)2k X n
zlgzk)! (2k — 1)1 > oop—1(n)q",

n=1

Gop(r) =

where o1,(n) = X4, d*.
So when k > 1, Goi(7) are modular forms of weight 2k.

In fact, My = (C[G4,G6].



Eisenstein Series FE-»

For simplicity of notations, let

32
Eq(r) = G4(T) = 1+ 240 Z o3(n)q",
n=— 1
33.5.7
() = 2 5 Gar) = 1508 Y os()d",
7T n=1
One also needs:
oo
Ex(t) = 1424 > o1(n)¢"™

n=1



Derivatives of Modular Forms

Eisenstein series E5> is not a modular form:

E> (Z:i;) = (e 4+ d)2E>(7) + —c(CT + d), (a Z) € SL>(7Z).

This leads to quasimodular forms and derivatives of modular
forms. Differentiate both sides of

(550 = s

ct + d
one gets

d (Z: i 2) = (er + D)FT2F (1) + ke(er + )T (),

e., f'(r) is no longer a modular form. It is close to being a
modular form of weight k£ + 2.



Ramanujan Identities

In a famous paper published in 1916, Ramanujan proved the
following identities:

d 1,
" FBy= " (E2_ E,),

qdqz 12(2 4)
Ly = N BB — E)

qdq 4_3 2424 6/
d 1

G—FE¢ = —(EyE¢ — E3).
dq 2

Notes. 1. These were actually proved first by Eisenstein.

—.d _— 1 d



Serre Derivation

Based on Ramanujan identities, Serre introduced a differential
operator acting on the space of modular forms:

d k
V: M., —> M , Vf=q—f——FE>-f.
k k42 f qdqf 1o 2 f

If one rewrite a modular form f(7) of weight k as a differential
form f(7)(dr)*, then it is holomorphic section of a holomorphic
line bundle on the moduli space of elliptic curves. The Poincaré
metric induces a Hermitian metric on this line bundle, then the
Serre differential is just the Chern connection for this metric.



Rankin-Cohen Brackets and Rankin-Cohen AlLgebras

In 1956, Rankin gave a general description of the differential
operators which send modular forms to modular forms.

A very interesting special case is certain bilinear bracket operators
on M, introduced by Cohen in 1977.

In 1994, Zagier studied the algebraic relations among the Rankin-
Cohen brackets and introduced a notion of Rankin-Cohen alge-
bra.

In the last section of his paper, Zagier raised the question of
finding Rankin-Cohen algebras in other areas in mathematics. He
mentioned invariant theory, Moyal product and vertex operator
algebra.



Rankin-Cohen Brackets

Let f € M. and g € M;, the n-th Rankin-Cohen bracket of f and
g is defined by:

[fgln= Y (—1)7(

r+s=n

n—I—k—l)(n—I—l—l)

r

D" f - D%g.
s

For example,

[f,9lo = fg,
[f,gli =Fk-f-Dg—1-Df-g.

One can check that [f, gln € Mgy 140,



The Rankin-Cohen Algebra

The Rankin-Cohen brackets satisfies many algebraic identities,
e.g.,

fy9ln = (=1)"[g, fln,
[f,9l1,Rl1 + [lg, hl1, fl1 + [lR, fl1,9]l1 = 0O,
[fa g]Oah]l + [[gah]07f]1 + [[h7 f]O?g:]. = 0,

m|[f,gl1,hlo + Ulg, hl1, flo + Ellh, fl1,9l0 = O,
[[f7 g]l7h]1 — [[g7h]07f]2 - [[haf]Oag:Q + [[gah]Qaf]O — [[h7 f]27g]07

etc., where fe€ M,,g € M;,h € Mp.

From these one can extract a notion of a Rankin-Cohen algebra.



Kuznetsov-Cohen Series

For f € M, define a formal power series:

. = D"f(r)
frX) = 2 (n+k—1)!

n=0

This is called the Kuznetzov-Cohen series of f.

(2mi X )™,

It satisfies the following transformation formula:

fan'—l—b X
cr +d’ (et + d)?




Generating Series of Rankin-Cohen Brackets

For fEMk, gEMl,

~ - s Lf, gln(7T)

n=0

(2mi X )",

This resembles Hirota bilinear derivatives:
< 1
f@+yglz—y) = ), —(Dif 9y",

n—=0 n.
and so it suggests a connection with the theory of integrable
hierarchies.



From Modular Forms to Modular Pseudodifferential Operators

For f € M5, Cohen-Manin-Zagier associated a family of pseu-
dodifferential operator parameterized by k:

oo [(—k\(—Fk+r-1
Dlﬂ)[f] — Z (n)( n )an(T)D_n_k.

=

For f € Mo, g € My, one has

oo

D[f]-D"[gl = }_ tn(k,DDILS, glnl,

=0
where the coefficients t;‘g(k,l? are given by:
—k> (—k—l—l—n) (n—l—k—I—l—ﬁ;) (n—|—k—|—l—1)
S S

r

(—Qk) ((2n—|—2]<:—|—2l—2>

Tr S

5 (ke 1) =(121> S ¢

r4+s=n




Multiplications on M, Defined by Rankin-Cohen Brackets

Since the multiplication on the space of pseudodifferential forms
IS associative, it follows the following multiplication defined on
M, is associative:

Frwg= Y tn(k,Df,gln, (f € Mo, g € Myp).
n=0

By taking x = 4 or 3, one can see that

n=0

IS associative. This is called the Eholzer product.



Classical Invariant Theory

Classical invariant theory studies polynomials which are fixed by
certain group action.

A typical example is binary invariants, which are polynomials
in two variables invariant under the action of a subgroup I C

SLo(C).

In other word f(z,v) € Clxz,y]" iff

flaz + by,cx + dy) = f(z,y), (jj Z) e



The Ring of Invariants

It is clear that (C[a:,y]r IS @ commutative ring, and can be decom-
posed into subspaces consisting of homogeneous polynomials:

Clz,y]" = @ Clz,yly-
n>0

For example, for

B e2mik/n 0
= 0 6—27Til<:/n O<k<n

Clz,y]" =Clu=2",v = zy,w = y"] = Clu,v,w]/(vw — ™).



Transvectants

The m-th transvectant of two functions F(x,y) and G(x,y) is
the function:

(F,6)™ = 3 (-

1+j=m

m) OmF 0MG

i/ Oxd Oyt OxtOyd

This defines an operation: C[z,y]}, x Clz,y]; — Clz,ylj1 o,



Cavley’'s 2 Process

Cayley’'s 2 operator in two variables is

o 9
N R
oz Oyr| O%10y2  Oy10x2

Its action on F'(x,vy), G(x,y) is given by:

QF(z1,y1)G(x2,y2))
0F(z1,y1) 0G(z2,y2) OF(z1,y1) 0G(22,y2)

oxq Yo 0yq o0xo
The m-th transvectant is given by taking the €2 process m times:

(F, )™ = Q™(F(21,y1)G (22, Y2)) |y =wo=a,y1=yo=y-




Moyal x-Product

The Moyal product is defined as follows:
S (m)
m=0 .

= exp(h2)(F(x1,y1)G(22,Y2))|z1=r0=2,y1=y>r=y-

The Moyal x-product is associative. Indeed,

= exp(hf212 + Q13 + Q23) (F (1, y1)G (22, y2) H(x3,Y3)) |z;=2,y,=y)
= exp(hf212 + Q13 + 223)(F(z1,y1)G (22, y2) H(23,Y3)) |2;=2,y:=y

. _ 98 8 b
where €2;;, = 9z;0y; — Ox; Oy




Modular Forms as Homogeneous Functions of Two Variables

Modular forms f &€ M5, of weight 2k are in one-to-one corre-
spondence with homogeneous functions of weight —2k:

Flo,u) =u2R(), () = F(r,1).

Using this correspondence, one can understand modular forms
as functions on the following space

B={(v,u) €C| Im(%) > 0}.

On this space we consider the following action of SL»(Z):

(CCL 2) - (v,u) = (av + bu, cv + du).



Modular Forms as Invariants of SL>(Z) in Two Variables

So modular forms of weight 2k correspond to F'(v,u) such that

F(av + bu,cv + du) = F(v,u), FOw, \u) = A 2FF(v,u).

In other words, modular forms should be understood as invariants
of degree —2k on the space B. This subspace of C2 is invariant
under the action of SL»(Z) which is a subgroup of the linear
symplectic group that preserves the symplectic structure on C2.



The Rankin-Cohen Brackets as Transvectants

Denote the map that sends f(r) to F(v,u) by H(f), then it is
not hard to see that

H(f,ghm) = — (H(f), H(g))™.

As a corollary, the Eholzer product becomes the Moyal product:

H(f*pg) = H(f) *xp H(g).

The associativity of the Eholzer product is then automatic.



From Modular Forms to Polynomials in Two Variables

Recall My = C[Ey4, Eg], i.e., every modular form can be written
as a polynomial in E4 and Eg in a unique way.

It follows that if f € My, and g € My;, then there are weighted
homogeneous polynomials P and ) of degree 2k and 2l respec-
tively, such that

f — P(E47 E6)7 g — Q(E47 E6)7

where deg B4 = 4, deg Eg = 6. Then for each n > 0O, there is a
weighted homogeneous polynomial R, (xz,y) of degree 2k+21+2n
such that [f7 g]n — RR(E47 E6)



Moyal Product on the Plane Induced by Rankin-Cohen Brackets

It follows that the Rankin-Cohen brackets and the product xj
induce bracket operations and a star-product on Clx, y].

In other words, there is an isomorphism G : My — Clx,y]|, P(E4, Eg) —
P(x,vy), such that

[P, Qln = GG~ H(P), G HQ)D),
Px, Q= GG HP) G HQ)).
For example,

245 175

rxpy = zy+2(y2 —23)h + —(y — x3)zh3 + —(w — y?)yh*
154 119
+ = (y2 — 23)z2h° + 2 (2> — y?)ayh®
6125 3 2645 1045

24 3



More Examples of Moyal Product Induced by Rankin-Cohen
Brackets

25 175 70
T xkp T = z° 4 ?(:c:)’ —y2)h? + ) (23 — y2)zh* + 3 (23 — y?)z?h®
40975 21175
3 2 §) 2\#8
_ _ A
+ @ -y 5 230 YO+

147

49
v+ (W — a)ah® + ==y - 2%)a?nt

Y*py = o
290521 135289
2 3 3 2146
- - h
v x )(225762 i 15874648y3)
(7275 4
4 (y2—$3)( 3 _ y2)$h8_|_.”

576 576



Poisson Structure on the Plane Induced by Rankin-Cohen
Brackets

We are interested in the Poisson structure for this star product.
By Ramanujan’s identities, it is easy to see that

[E4, Egl1 = 2E2 — 2E7 = 2 - 1728A,

where A = q[[>2 (1 — g")?% is called the discriminant.

It follows that the induced Poisson bracket on C2 is given by:

[z, y] = 2y2 — 23,

The corresponding bivector field is 2(y2 — :c3)8% A a%'

This is of type A5 in the classification of Poisson structures on
the plane by Arnold.



Symplectic Structure on the Plane Induced by Rankin-Cohen
Brackets

The above Poisson structure corresponds to the following sym-
plectic structure:

1
w = dx N\ dy,
2(y2 —23)
which is singular along the curve
yz — 3

This is an algebraic curve with a cusp singularity.

The singularity is of type As.



Hamiltonian Vector Field Corresponding to Serre Derivation

Recall the Serre derivation V acts on M by V = a% — %EQ(T)‘.

And so by Ramanujan identities again
1 1

So it corresponds to the following vector field on C2:

= ——y— — T,
3"0x 2 Oy
This vector field is “Hamiltonian’:
2 2 3
Y T log(y< — z>)
XV = — dr = —d
= 5 =Y T a2 =03 12



Hamiltonian System Associated with the Serre Derivation

Consider the following system associated with the Serre deriva-
tion:
d

%m(t) = —%y(t), ay(t) — _%x(t)Q'

It has the following solution
z(t) = 36P(t+ c1;0,93),
y(t) = —108P'(t + ¢1; 0, 93).

Recall the Weierstrass P-function P(t; go, g3) satisfies the differ-
ential equation:

P'(t; 92,93)° = 4P(t; 92,93)° — 92 P(t; 92, 93) — 3.
So the solution curves are given by the algebraic equations:

y(t)? = z(t)3 — 108%¢s.



Moval Bracket on the Plane Induced by Rankin-Cohen Brackets

The Moyal bracket is defined by the star product:
P+ Q—-Qx*p P

P, =

{P,Q}r 7

This defines a deformation of the Poisson bracket above:
245 154

{z,y}p = 2(¥*—2>)+ —(y — 23)zh? + —(y — 23)2?h?
6125 2645
3 2)ﬁ6

3
+ (y? )( T oY



Deformation of the Vector Field Corresponding to Serre
Derivation

Recall the vector field corresponding to Serre derivation

With the same Hamiltonian, the Hamiltonian vector field with
respect to {-, -} is

245 154 60125 2645
¥V — (14242 52 1594 2.4 32045 5.6,
A (-|-386:B -|-6a: +(485L‘ 4Sy)-l- )
1 1 o
(—Zy— — —a°—

X .
3"0x 2 Oy



Summary and Outlook

E4 and Eg can be understood as parameters for family of elliptic
curves in Weierstrass form:

Y2 =4X3 - 60E4X — 140E.

The theory of modular forms leads to the constructions of some
nice geometric structures familiar in mathematical physics on the
space of (Ey, Eg):

1. A Poisson structure

2. A star-product that induces a deformation of the Poisson
structure

3. A Hamiltonian vector field together with a deformation



Summary and Outlook

In the above we have seen the algebraic curve y?2 = z3 natu-
rally appears as the singular locus of the Poisson structure on
the (x,y)-plane. This curve appears also in another setting: E-

mergent geometry of spectral curve for Witten-Kontsevich tau-
function.

We will combine the (z,y)-plane and the (X, Y)-plane and define
a Poisson structure again by considerations from invariant theory.

We will also apply the same construction to the invariant theory
of binary polyhedral groups.



An example of emergent phenomenon: Witten
Conjecture/Kontsevich Theorem

For topological 2D gravity, the n-point correlators are defined by

T T = | et
<m1 mn>g /Mgnw

Fg(t) — Z 0 Z tay - ‘tan<7'a1a T aTan>9'

n>0 yeens@n >0

F(t;0) = Y A2972Fy(t).
g=>0

Zwi =exp F(t; \).

This is called the Witten-Kontsevich tau-function.



Special deformation of the Airy curve

Theorem (Z.) Consider the following series (tp, = (2k + 1)Muy):

Y=F-Y @n+ Dup X" /2y %(u) . X" 3/2,

n>0 n>0 Jun
Then one has

2
Y2 :X<1 - Y (2n+ 1)unX”_1>

n>1

—2u0<1 ~ Y (2n+ 1)unX”_1>

n>1

23 3 @kt Duy- >

n>0k>n+42



Emergence of the spectral curve for topological 2D gravity

Consider the Puiseux series:

Y:XI/Q_ uo _Z%

(U'O? 07 <. ) ) X_n_3/27

then one has
X =Y? + 2up.
When ug = 0, this gives us the Airy curve:
Y2 =X.

It is the spectral curve of the topological 2D gravity.

This is an emergent phenomenon : You have to go through the
infinite-dimensional big phase space to see the spectral curve.



Examples of the special deformation

When t; =0 for y > 3, the curve is deformed to:

OF;
Y2 = —2ug(1 —3uy) + 10us——(ug, u1,us)
oug
4+ ((1 - 3u1)? + 10ugu) X

— 10up(1 — 3up)X? + 25u3X3.
When t1 =1 i.e., uy =1/3,

OF
Y2 = 1ou28—°(u0,1/3,uz)+1ouou2-X+25u§-X3.
uQ
The spectral curve undergoes a phase change from a rational

curve to a family of elliptic curves in the (X,Y)-plane parame-
terized by (uo,uz)!



Elliptic functions

An elliptic function is a meromorphic function f with two periods
w and wv:

f(z +mu+nv,u,v) = f(z;u,v), m,n €,

where 7 :% lies in the upper half plane H.

One can consider a Z2-action:

(m,n) - (2, u,v) = (z + mu + nv, u,v),

then elliptic functions are invariant under this action.



Derivatives of elliptic functions

Taking 05, 0y and 0, respectively,

O f(z+ mu—+nv,u,v) = 0,f(z;u,v),
Ouf(z 4+ mu~+ nv;u,v) + mo.f(z + mu+ nv;u,v) = Oy f(z; u,v),
O f(z 4+ mu—+ nv,u,v) +no.f(z 4+ mu+ nv;u,v) = Oyf(z;u,v).

Therefore, given an elliptic function f, 0.f is still an elliptic
function, but it is not the case for 0, f and 0y f in general.



A Poisson bracket for elliptic functions

We are in the same situation as in the case of modular forms:
The space of elliptic functions may not be close under derivatives,
but it may be close under some bracket operation.

For two elliptic functions f and g with periods v and v, one can
check that
2mi0fdg Of2mi0g
{f7g} — T
u Ovdz 0z u Ov
is an elliptic function with period u,v.

In other words, we consider the Poisson structure on the space
of (z,u,v) defined by
21 O 0
N —,
u Oov 0z
and consider its restriction to the space of elliptic functions.




Weierstrass function

Weierstrass function with period v and v are defined by:

1 1 L
P(z,7) = —+ B ’
(z:7) 22 (m,n)EZ;—{(0,0)} ((Z + mu +nv)?2  (mu+ nv)2>

Weierstrass P-function has the following Laurent expansion at
z = 0O:

1 oo
Pz, 1) = 2 + Z (2n + 1)62n_|_2(u,v)22n,

n=1
where the coefficients e, (7) are the Eisenstein series:
p 1
eop(u,v) = )

mn  (mu + nv)2k’



Weierstrass function and its derivatives

By a result of Eisenstein,
2711 0en

2
———— = beyg — €5,
u Ov 4 2
2710
ﬂﬁ — 1466 — 46264,
u Ov

2nideq _ 60 5

_— - 6 9
” 63?) - ez eceg
s
2MOP _ g P 4 2P2 — 2esP — 20es,
u Ov
27 OP'
ﬂ%i = E1(6P? — 30e4) + 3PP’ — 3exP’.
u (V)

where

1 ©.@)
By =—_- > eontolu,v)z?" 1

n=1



Poisson bracket of Weierstrass function and its z-derivative

One finds:
{P,P'} = (420eg — 120ese4)P + 600e7 — 420emeq.
Recall
(P')? = 4P> — 60e4P — 140es,

we can rewrite the above Poisson bracket in the following form:

127 O
{Pa Pl} — 57%(}/2 — 4X3 + 60€4X + 14066)|X:737Y:’P"



Induced Poisson bracket

Similar to the case of modular forms, we get an induced Poisson
structure on the space of (X,Y,u,v) defined by:

127T’L 8 2 3 8 8
2O v2  ax3 4 60esX 4+ 140er) - A2
> u ot +60esX 4 140¢6) - o N o

It is easy to see that f = Y2 —4X34 60e4X + 140¢eg is a Casimir
function for this Poisson structure, i.e. {f,g} = 0 for all g.



Future directions

Recall Dubrovin has defined a structure of twisted Frobenius
manifold on the locus

f=o0

In our future investigations we will examine how these two kinds
of structures interact with each other.

Another direction of research is to understand these structures
from the point of view of emergent geometry, i.e., to see their
relationship with GRomov-Witten theory.



Poisson structures arising from classical invariant theory

The above discussions in the settings of modular forms and el-
liptic functions motivate us to carry out the same constructions
in the setting of polynomial invariants.

A particularly interesting case is the binary polyhedral groups.

They are related to the Platonic solids and simple Lie algebras
of type ADE.



Induced Poisson bracket and McKay correspondence

Let T C SU(2) be a finite subgroup. Then
Clz,y]' = C[X,Y, Z]/(F(X,Y, Z)),

where X,Y, Z are homogeneous invariant polynomials in z,y, and
F(X,Y,Z) is a weighted homogeneous polynomial in X,Y, Z.

For f,g € Clz, y],
0fO0g B 0f 0g

)= Oxrody OyOox
so by computing {X,Y}, {Y,Z}, {Z, X}, one defines a Poisson
structure on the space of (X,Y, 7), such that

OF OF OF
X, Yt=—, {V,2}=—, {Z,X}=—
(XY}="2, (Y, 2) = oo, {2.X) =

€ Clz,y]",

and F'is a Casimir.



Type A

The group is the cyclic group of order n, generated by

627Ti/n 0
0 e—27ri/n

The invariants are generated by
X = z", Y = xy, Z =qy".
We have
{X,Y} =nX, (Y, Z} =nZ {(Z,X} = —n?Yy" L
We have ' =n(XZ —Y") as the Casimir. One can check that

XZ-Y"=0.



Type D

The group is the binary dihedral group of order 4n, generated by

B 627Ti/(2n) 0 {0 i
91 = 0 c—2mi/(2n) | - 92=1, o
When n is odd, the invariants are generated by
X = (zy)?, Y =" -y, Z = ay(z" — y™)*.

(X,Y} = —n@x"tD/2 4 47),

(Y, 2} = —n(4(n+ 1) X" 1/27 _2y2)

(Z, X} = 4nXY.
We have F = 2n(XY?2 — 72 — 4x(n+1)/27) as the Casimir. One
has:

XY2_ 72 _4x(nt1)/27 _ .



Type D

When n is even, the invariants are generated by
X = z%y°, Y = (2" — y™)?, 7 = xy(z®" — y°™).
We have
{X,Y}=—4nZ,

(Y, 2} = n(4(n + 2) X2y 4+ 2Y?),
(Z, X} = 4n(XY 4 2X"/2+1),

We have F = 2n(XY?2 - Z2 4 4X"/2+1y) as the Casimir, and we
have

XY2 724 axn/2tly — 0.



Type Eg

[T is the binary tetrahedral group of order 24, generated by

_ [e2m/4 0 (0 i 1 (1 g

The invariants are generated by

X =ay(z® —y™),
Y =28 4+ 14:1:4y4 + y8,
7 = z12 — 333:8y4 — 33x4y8 -+ ylz.
(X,Y}=-82, {Y,Z2}=12y°, {Z,X} = —-1728z53.
We have F = —4(108X4 — Y34 Z2) as the Casimir, and we have

108X4 —vy3+ 22 =0.



Type E7
[ is the binary octahedral group of order 48, generated by
_ [e2m/8 0 (0 i 1 (1 g

X = w2y2(:134 . y4)2’
Y =28 4 14:1:4y4 + y8,
7 = zy(zt® — 3421248 ++ 3428y12 — 419).

We have
(X, Y} =-162, {Y,Z}=8Y*—-2592X3, {Z X} =24XY?".
We have FF = —8(81X%— XY*+ Z2) as the Casimir, and we have

81X4—XY*+272=0.



Type Eg

[ is the binary icosahedral group of order 120, generated by

— 10 O _ (0 2 _ 1 §5 — 5 55 55
gl_<0 51_01>7 gz_("i O>’ s \f<'55 55% 55‘|‘55>

where &, = €27/ The invariants are generated by

X = fcy(fﬂlo + 11z°y° — ylo)

{(X,Y} =20z, {Y,Z}=-86400X%  {Z X}=30Y~>

We have F = —10(1728X° — Y3 — Z2) as the Casimir, and we
have

1728X° — Y3 _ 72 = 0.



Future study of the induced Poisson bracket

It turns out that a natural deformation of the above Poisson
structure has been introduced in the setting of transversal Pois-
son structure of nilpotent orbits.

The parameter space is the parameter space of the universal
unfolding of the corresponding simple singularity, hence it has a
natural structure of a Frobenius manifold and it is related to the
FJRW theory.

Again we are facing with the problems of investigating the inter-
actions between the Poisson structure and Frobenius manifold
structure, and understanding them from the point of view of
emergent geometry.



A Conjecture

Since the Poisson structures we have considered are induced
from a symplectic structure on CQ, the Moyal products induce
deformation quantizations as in the case of modular forms.

We conjecture all such deformation quantizations coincide with
the deformation quantizations constructed by Kontsevich.



Thank you very much for your
attentions!



